We propose to implement reference-frame-independent measurement-deviceindependent quantum key distribution (RFI-MDI-QKD) with modified coherent states (MCS), and give the universal analytical formulas of three-intensity decoy-state RFI-MDI-QKD with MCS. Our simulation results indicate that compared with the widely used weak coherent states, MCS can improve significantly both the secret key rate and secure transmission distance of RFI-MDI-QKD, which is mainly attributed to the elimination of certain multiphoton events through the quantum interference effect in MCS.
Introduction
Theoretically, quantum key distribution (QKD) [1] enables two legitimate peers Alice and Bob to share unconditional secret keys, in the presence of an eavesdropper Eve. Nevertheless, the security of practical QKD systems is questionable [2] - [6] , due to the discrepancies between the actual properties of devices adopted in real-life QKD systems and the mathematical device models assumed in security proofs. To improve the practical security of QKD systems, various protocols have been proposed [7] - [10] . Among these protocols, measurement-device-independent QKD (MDI-QKD) [9] , [10] , immune to all detector side channel attacks, is the most promising scheme, which has been thoroughly studied [11] - [20] . In general, the real-time alignment of reference frames between Alice and Bob is essential to assure the stable running of practical MDI-QKD systems [15] - [20] , which is usually complicated, time-consuming, and will reduce the secret key rate.
To bypass the real-time alignment of reference frames in MDI-QKD, Yin et al. proposed the reference-frame-independent MDI-QKD (RFI-MDI-QKD) protocol [21] , which possesses both the merits of RFI-QKD [22] and MDI-QKD, and has drawn a lot of attention [23] - [27] . Due to the absence of ideal single-photon sources with current technology, weak coherent states (WCS), generated from highly attenuated lasers, are widely used in RFI-MDI-QKD [23] - [26] . It is well known that the nonnegligible multi-photon events in WCS may incur the photon-number-splitting (PNS) attacks [28] , [29] . Hence, the decoy-state method [30] , [31] should be adopted in practical QKD systems, which provides an efficient way of estimating channel parameters. In the decoy-state scheme, the fewer the multi-photon events are, the more accurate the channel parameters are. Particularly, in the decoy-state RFI-MDI-QKD scheme which involves more channel parameters to be estimated, the importance of channel parameters with more accuracy is self-evident. Thus, the investigation of practical sources with fewer multi-photon events and more single-photon events is a feasible solution to improve the performance of decoy-state RFI-MDI-QKD systems.
As a matter of fact, modified coherent states (MCS) hold the property of eliminating certain multiphoton events based on the quantum interference effect [32] , and have been studied in SARG04, BB84, and MDI-QKD protocols [33] - [35] . MCS can be implemented by mixing a coherent state with a two-photon state from the parametric down conversion [33] . Generally, there are two kinds of mixing. One is injecting the coherent state into an optical parametric amplifier with a small gain, and the other is mixing the two fields with a beamsplitter. In this paper, we focus on RFI-MDI-QKD with MCS. In the scenario of practical decoy-state RFI-MDI-QKD systems, MCS, which eliminate the most dominating multi-photon events in the estimation of channel parameters, can significantly enhance both the secret key rate and secure transmission distance.
Decoy-State RFI-MDI-QKD With MCS
The preparation of MCS is based on quantum interference to eliminate multi-photon events from a coherent state |α , which can be expressed as [33] - [35] 
and
In Eq. (3), H n is the nth-order Hermite polynomial, μ ≡ cos h (|ζ|), ν ≡ ζ |ζ| sin h (|ζ|), and
The probability of n-photon state in MCS is P n = |C n | 2 . In the generation of MCS, by setting α 2 = μν (α 2 = 3μν), the two-photon (three-photon) events can be eliminated from the coherent state, that is, P 2 = 0 (P 3 = 0 ). For simplicity, we denote the MCS source without two-photon (three-photon) events as MCS_2 (MCS_3).
In the three-intensity decoy-state RFI-MDI-QKD scheme with MCS, Alice and Bob randomly prepare signal, decoy and vacuum states of intensity u, v, and w (u > v > w and w = 0) in Z , X , and Y bases, and their local bases satisfy
, where the subscripts A and B denote Alice and Bob, and β characterises the relative rotation of Alice and Bob's reference frames. After the quantum communication phase, Alice and Bob can obtain a series of the overall gain and quantum bit error rate (QBER) given as
where
) denotes the yield (error rate) that Alice and Bob respectively send m-photon and n-photon states in γ A γ B , and Q
With Eqs. (4), (5) 
both of which have been cancelled out the Y
terms. Define the quantum bit errors T
2) For MCS_2, due to the elimination of two-photon events, we can cancel out Y
For MCS_i (i ≥ 3), due to the elimination of i -photon events and P [36], [37] , and obtain Y
3) Similarly, for MCS_j (j ≥ 2), e , which is given as
With the estimated channel parameters Y 
where φ = min √ . After error correction and privacy amplification, the secret key rate Alice and Bob can distill is [21] , [22] where f is the inefficiency of error correction, and H is the binary entropy function given by
Simulation
We use the parameters listed in Table 1 to simulate all results in this section, where η d (Y 0 ) denotes the detection efficiency (dark count rate) of a single-photon detector, e d denotes the optical intrinsic error rate, α denotes the loss coefficient of the standard fiber link, f is the inefficiency of error correction, and n is the number of standard deviations in the finite-key analysis [38] . Moreover, the full parameter optimization method [39] is adopted to maximize all results of decoy-state RFI-MDI-QKD in this paper. For simplicity, in our scheme, we only consider the measurement results projected into the Bell state ψ − = 1 √ 2 (|01 − |10 ). First, we study decoy-state RFI-MDI-QKD with MCS_2, MCS_3, and WCS with infinite number of decoy states at arbitrary relative rotation of reference frames β( β = |β A − β B |). Corresponding results are illustrated in Fig. 1 , where MCS_3 performs better than MCS_2 and WCS, and MCS_2 performs better than WCS at the long distance range. Moreover, Fig. 1 shows that RFI-MDI-QKD with infinite number of decoy states is very insensitive to the relative rotation β.
However, infinite number of decoy states cannot be prepared in practice. Hence, for practical purpose, we investigate the performance of three-intensity decoy-state RFI-MDI-QKD with MCS_2, MCS_3, and WCS in the finite-key scenario N = 10 12 at different β. Simulation results are shown in Fig. 2 , where the solid, dash, and dot lines from right to left denote the results of decoy-state RFI-MDI-QKD with MCS_2, MCS_3, and WCS at β = 0, , respectively. The performance of decoy-state RFI-MDI-QKD mainly relies on the single-photon ratio of practical sources and the accuracy of the estimated channel parameters. As shown in Fig. 2, MCS_2 and MCS_3 obviously outperform WCS, which is primarily attributed to the fact that MCS_2 and MCS_3 eliminate the dominating two-photon and three-photon events, and thus contribute to the concise estimation of channel parameters. At the short distance range with β = better than MCS_2, which can be explained by the higher single-photon ratio of MCS_3 after parameter optimization. On the other hand, in the estimation of channel parameters, the twophoton events are more dominating than the three-photon events, hence the channel parameters of MCS_2 are more accurate than those of MCS_3, e.g. C. Hence, at the long distance range, the performance of MCS_2 is approaching to or even better than that of MCS_3. To clearly support the above claim of MCS_2 and MCS_3, we exhibit the ratio of single-photon pairs (SPP) of Alice and Bob's signal states and the value of C in Fig. 3 . 13 , 10 12 , 10 11 , respectively. With the decrease of emitted pulse numbers, the superiority of MCS_2 is more obvious than MCS_3 due to the more accurate channel parameters in MCS_2.
Conclusion
In conclusion, we have proposed to implement decoy-state RFI-MDI-QKD with MCS. Due to the elimination of the most dominating multi-photon events in a coherent state, the channel parameters of MCS can be estimated more accurately than those of WCS, and thus significantly improve the performance of decoy-state RFI-MDI-QKD. Moreover, we make a comparison of MCS_2 and MCS_3 at different relative rotations of reference frames and finite-key scenarios, which we believe will provide a valuable reference for practical implementation of decoy-state RFI-MDI-QKD with MCS.
Appendix A Proof of P We simply assume α, μ and ν to be real numbers since the probability of n-photon states depends on the module of them. For MCS_2, we have
Obviously, when m + n ≥ 4 and u > v, we have Again, we assume α, μ and ν to be real numbers since the probability of n-photon states depends on the module of them. For MCS_i (i ≥ 3), assume α 2 = cμν. Similarly, we have 
Obviously, when m + n ≥ 3 and u > v, we have
In other words, P 
